The three-dimensional theory of laminated plates and shells has been developed by Chao et al. [10}13, 62, 63] with many applications to impact and shock modal analyses. In this research, a complete survey of the literature is made on the free vibration natural frequencies of simply supported rectangular plates. Various boundary conditions are composed of "xed pin, hinge-roller, and sliding pin supported edges. The lowest frequencies are obtained in the present study in comparison with those in earlier studies as a result of the close natural state reached in keeping with the three-dimensional boundary and interlaminar continuity conditions via a 3-D augmented energy variational approach.
INTRODUCTION
The mathematical theory of elasticity and vibration problems in engineering were comprehensively discussed by Love [1] , and Timoshenko [2] , respectively, in the 1920s. It was noted that assumptions of the classical thin plate theory overestimated the structural sti!ness, and hence the natural frequencies. Reissner [3] , and Mindlin and Medick [4] considered the e!ect of transverse shear on the bending of isotropic elastic plates, leading to the development of the "rst order, and higher order shear deformation theories.
Since the advent of composites featuring high sti!ness, high strength and light weight, vibration of anisotropic laminated plates has drawn the attention of many researchers. Exact solutions for bending, vibration and buckling of simply supported thick orthotropic and cross-ply laminated rectangular plates were obtained by Srinivas et al. [5] , and Srinivas and Rao [6] in 1970. A three-dimensional solution was found by Noor and Burton [7] for the antisymmetrically laminated anisotropic plates. In view of ever increasing application to general laminated structures in engineering, theories and a number of numerical solution methods have been developed for the "rst order approximation in preliminary design. Assessments of computational models for multi-layered anisotropic, and sandwich plates were published by Noor and Burton [8] , and Noor et al. [9] respectively. Three-dimensional semianalytical solutions have been developed by Chao et al. on the basis of local 3-D stress equilibrium with many applications to impact and shock modal analysis of laminated plates and curved panels [10}13, 62, 63] . A complete survey of the literature on engineering vibration analysis of laminated plates is presented in Table 1 . The studies are classi"ed as theory, material property and numerical methods.
Basic theories of plates and shells can be found in four categories, i.e., (i) classical thin plate theory known as CPT, (ii) "rst order shear deformation theory known as FSDT, (iii) higher order shear deformation theory known as HSDT, and (iv) theory of three-dimensional elasticity.
In the classical plate theory [1, 2, 14}20, 61] , the transverse shear e!ects are neglected according to the Kirhho! assumption, and the structural sti!ness and natural frequencies are overestimated.
It was Reissner [3] , who "rst considered the e!ect of transverse shear on the bending of elastic plates, that led to the development of the "rst order shear deformation theory FSDT. However, the e!ects of cross-sectional warping is ignored resulting in an unrealistic linear variation of the transverse shear stress Assessment : 8, 9 through thickness of the laminate, and the use of shear correction coe$cients is required [3, 21}30] . The higher order shear deformation theory HSDT was mainly based on a two-dimensional approach by incorporating higher order modes of transverse cross-sectional deformation [4, 31}52] . It began with the work of Mindlin and Medick [4] for isotropic plates. A more reasonable parabolic variation of transverse shear stress/strain through thickness can be obtained with no need for the assumed shear correction coe$cients. The major drawback of the conventional HSDT lies in that it is unable to satisfy the interlaminar continuity from layer to layer and stress equilibrium over the lateral surfaces without regard to the transverse normal stress, which is of special importance in treating the contact and impact problems. Recent development has led to a three-dimensional model in which the six stress/strain components are fully obtainable throughout the laminated plate.
Recently, thick laminate construction has stimulated the interest in use of three-dimensional theory for predictions of structural response and stresses. The 3-D theories [5}13, 53}60, 62, 63] include 3-D exact analysis, 3-D "nite element method, 3-D "nite layer method, 3-D layerwise theory, and the 3-D elasticity theory. The engineering vibration problem has rarely been solvable in exact form of 3-D elasticity for laminated plates and shells, except for a few special cases such as cross-ply by Srinivas et al. [5, 6] , and antisymmetrical angle-ply by Noor and Burton [7, 8] . The present study is devoted to the more general case for three-dimensional analysis.
In this research, a thorough analysis and survey of moderately thick or thin plates made up of symmetric or antisymmetric, cross-ply or angle-ply lay-ups is carried out in accordance with the three-dimensional elasticity theory in comparison with earlier studies. Lowest natural frequencies are obtained by taking the three-dimensional boundary and interlaminar continuity conditions into account as the physical requirements of natural state as shown in equations (1)}(5). To facilitate the comparison, several types of plate materials are treated in the present study. The isotropic/metallic plates are discussed "rst with di!erent length to thickness ratios and in-plane aspect ratios. The rest are concerned with anisotropic laminated composite plates consisting of high strength/modulus aragonite or glass, carbon, boron reinforcing "bers embedded in high-performance matrix. In view of the numerous publications in this "eld, discussions are con"ned to simply supported plates due to the limited scope of this paper.
THEORETICAL FORMULATION
Consider a K layered plate of in-plane dimensions a, b and thickness h with simple supports. In the treatment of the various problems of interest, it may pertain to any one of the following three types of boundary conditions, in which local stresses and displacements are concerned rather than the global stress resultants and stress couples in the conventional plate theories. 
THREE-DIMENSIONAL BOUNDARY AND INTERLAMINAR CONDITIONS
The conventional edge boundary conditions are modi"ed in the essence of three-dimensional elasticity in terms of local displacements and stresses for the various support con"gurations for the 3-D boundary conditions as shown in equations (1)}(4). In the present study of free vibration, the entire laminated plate is considered surface traction free over both lateral surfaces. Both the natural and geometrical edge conditions are justi"ed by admissible displacement functions exactly everywhere over all four edges for cross-ply laminations, while speci"ed geometric edge conditions are justi"ed for angle-ply and other laminations. Three types of simply supported edge boundary conditions are treated.
ateral surface traction free conditions:
S ,xed pin supported edges:
S hinge-roller supported edges:
S sliding pin supported edges:
The surface conditions are labelled as F G and F ) G for transverse normal and shear stresses free at the bottom and top surfaces respectively. Pasternak or Winkler mode elastic foundation may be incorporated into the surface condition if required.
Interlaminar continuity: Since individual displacement "elds are assumed for each layer of the laminate, interlaminar continuity of layer displacements in 988 addition to transverse stresses must be satis"ed at each interface between adjacent layers.
where, for simplicity, the interlaminar conditions are denoted as F I G with subscripts 1, 2, 3 for the transverse stresses VX , WX , XX and 4, 5, 6 for layer displacements u, v, w. The superscripts#and!denote the upper and lower surfaces of the respective layers. Layers are numbered from the bottom upwards.
THREE-DIMENSIONAL DISPLACEMENT FIELDS
Three-dimensional displacement "elds are assumed according to the various edge boundary conditions as above for each layer in terms of double Fourier series of x, y for the in-plane co-ordinates and polynomials in z to proper higher orders for the out-of-plane co-ordinate, i.e.,
S ,xed pin displacement ,eld:
where 
THREE-DIMENSIONAL ENERGY VARIATIONAL APPROACH
Strain components in a layer: In accordance with the three-dimensional consistent higher order theory of plates and shells [7}10], the small strains are expressed in terms of the displacements of the kth layer.
Stress components in a layer: The three-dimensional stresses in the plates are obtained using the anisotropic constitutive law of composites for any layer. The 3-D mechanical properties must be known to perform the three-dimensional elasticity analysis. Since most of the numerical examples in the literature are incomplete in 3-D properties, the transverse the Poisson ratio N can be calculated from equation (13) in reference to Philippidis [61] and the transverse shear modulus is obtained as
Energy formulation: The generalized equations of motion are derived by means of the strain energy, kinetic energy, and work done by non-conservative forces via a three-dimensional augmented energy variational approach subject to the surface conditions and interlaminar continuity by using Lagrange multipliers.
agrange multipliers: The Lagrange multipliers are assumed according to the various corresponding stress and displacement "eld functions. Using the S and S models, the six types of Lagrange multipliers are expanded in Fourier series as follows:
Modi,ed¸agrange1s equations: The three-dimensional displacements can be partitioned into the lower and higher order parts denoted by vectors ; l and ; F , namely,
Using the lateral surface and interlaminar constraint conditions as above, the six degrees of freedom of the higher order part can be eliminated in each layer for each Fourier series component. A system of modi"ed Lagrange's equations of motion is obtained via energy variation with respect to the generalized displacements and Lagrange multipliers. [K] are the mass and sti!ness matrices of the system, which can be converted to reduced forms by use of the lower order displacements alone. +P, is the equivalent external forcing term and will vanish to zero vector in free vibration.
Assuming simple harmonic motion, the following eigenvalue problem is derived:
[
where is the natural frequency of the free vibration.
RESULTS AND DISCUSSION
By use of the present three-dimensional theory, a general survey is made on free vibration of the various simply supported rectangular plates. Numerical results are tabulated in comparison with the literature in the order of isotropic plates, cross-ply, angle-ply and quasi-isotropic hybrid laminated composites. Di!erent displacement "elds are used for di!erent boundary conditions as the case applies. Table 2 shows classi"cation of the 3-D boundary conditions, to which each of the references in the literature survey and tables in the present study pertains. Basically, the concepts of constant or averaged transverse shear for the FSDT, and parabolic transverse shear distribution for the HSDT are inconsistent with real physics. These theories are unable to account for the three-dimensional boundary conditions of no lateral surface traction in free vibration, and interface continuity of displacements and transverse stresses as per Newton's third law. The present three-dimensional elasticity theory of laminated plates is rigorous in that all of these conditions are taken into consideration by leaving the higher order displacement coe$cients to be determined through an energy variational approach in pursuit of a natural state for minimum total potential energy. As a result, natural frequencies obtained in the present study are the lowest among all results in the literature. Only a few exceptions are encountered, in which, an * mark will be noted with an explanation.
CONVERGENCE AND ACCURACY
At "rst, convergence studies were carried out for the isotropic, and cross-ply, and angle-ply antisymmetric and symmetric laminated plates. Accuracy was also veri"ed by checking with Srinivas' exact solutions in close agreement in Tables  3 and 4.  Table 3 shows the normalized fundamental frequencies for thin and thick square plates with the present S displacement "elds by changing the order of the polynomial function Z H (z). In the higher order shear deformation theory, the zH usually varies from order 2 to 5. The thicker the plate, the higher is the order of the transverse co-ordinate term zH required. In the present theory, polynomials to order 3 were employed for laminates of moderate thickness, and order 4 for thick plates where h/a*0)1. The "rst part shows the present fundamental frequencies with fast convergence and accurate results as compared to those in earlier studies. Srinivas, Joga Rao and Rao's vibration analysis of isotropic plate was an exact elasticity solution [5] . Leissa [14] reconsidered the problem with the classical thin plate theory. Farsa et al. [18] conducted the vibration studies of laminated rectangular plates by the di!erential quadrature method. Noor [53] solved the free vibration problem using the 3-D elasticity theory with higher order "nite di!erence schemes. Criterion for convergence on the Fourier series part is whether the assumed functions has attained an adequate set of the series. The second part of Table 3 shows the necessary condition that each frequency tends to a certain limit about the cross-ply laminate in steady, and increasingly smaller changes as the values for m and n are gradually increased. Results of the present S symmetric cross-ply and angle-ply thin plates at a/h"20 are always lower as compared with those of Bowlus et al. [25] , in which an FSDT-based Galerkin technique was used for determining the natural frequencies and mode shapes. Table 4 shows the normalized frequencies of moderately thick isotropic square plates with "0)3 at a/h"10 in comparison with Srinivas et al. [5] , Reddy [22] , Huang and Dasgupta [59] , Meimaris and Day [60] , and Shankara and Iyengar [52] . The present results are in good agreement with the exact solution of Srinivas et al. In reference [52] , a C3 "nite element model based on HSDT was used without considering C continuity of the inter-element slope, and a high-low #uctuation in their frequencies was indicated by an * .
ISOTROPIC PLATES
The "rst eight frequencies " a( /D) of isotropic ( "0)3) rectangular and square plates are compared in Table 5 . Firstly, in consideration of varying aspect ratios, frequencies of the present S and S thin (a/h"20) rectangular plates are the lowest when compared to those of Leissa [14] , Liew et al. [16] , Zhou [19] Material property and notations
For material iii: a"b"12 in, E "2)7 Mpsi, "1)92;10\ lb s in\.
Geannakakes [20] , and Cheung and Kong [29] . Secondly, in considering varying length to thickness ratios, the frequencies of the present S square plates also compare well with those of Chen and Yang [26] and Mizusawa [27] . Speci"c displacement "elds were used as required by the boundary conditions. 994 
CROSS-PLY PLATES
¹hickness e+ect: For the varying length}thickness ratios, fundamental natural frequencies of antisymmetric and symmetric cross-ply graphite "ber reinforced laminates are presented in Table 6 . Srinivas et al. [5] analyzed the problem in an 
exact elasticity solution. The higher order displacement "eld hypothesis was employed by Reddy and Phan [32] in vibration studies of isotropic, orthotropic and laminated plates. An individual-layer HSDT was used by Cho et al. [42] . Kant and Mallikarjuna [36] developed a higher order theory with C3 "nite element formulation. Shiau and Wu [41] used a high precision higher order triangular element. Nosier et al. [43] employed a layerwise theory. Hamilton's principle was used by Hadian and Nayfeh [44] in a third order shear-deformation plate theory. The lowest frequencies are obtained from the S solution in the present study.
Moderately thick orthotropic plate: Aragonite square plates of moderate thickness a/h"10 were studied by Srinivas and Rao [6] in an exact solution. The analyses of Reddy [31] , Fan and Ye [57] , Cho et al. [42] , and Tessler et al. [49] are also listed along with the present S method in Table 7 . In Reference [49] , pre-assumed shear correction coe$cients X "0)907, X "0)816 caused a few slightly lower frequencies as indicated by an * . Via the present S approach, the normalized frequencies of various modes are all in good agreement with the exact analysis.
E+ect of orthotropy-moderately thick to thin: The fundamental natural frequencies of free vibration " a( /E h) of antisymmetric cross-ply graphite/epoxy thick and thin laminated plates are presented in Table 8 . Owen and Li [24] performed a re"ned transverse vibration and buckling analysis using a "nite element displacement method. Ochoa and Reddy [39] 
, N calculated as per reference [61] non-linear free vibration with a 0)1}1% lower frequencies for four-layered moderately thick laminated plates of a/h"10.
E+ect of orthotropy-thick laminates:
The e!ects of number of layers and degree of orthotropy of the individual layer on the normalized fundamental frequencies are 
compared with those in the literature in Table 9 . Thick square plates of a/h"5 multi-layered antisymmetric and symmetric cross-ply were analyzed with the material properties typical of high performance "brous composites. The ratios of moduli E /E varied from 3 to 40, number of layers between 2 and 10, and the transverse the Poisson ratio N is calculated as per reference [61] . A brief review is made on the literature as follows. Noor [53] solved the free vibration problem using the 3-D elasticity theory with higher order "nite di!erence schemes. Putcha and Reddy [33] used the mixed element based on a re"ned plate theory to analyze anisotropic plates. Owen and Li [24] studied vibration and stability of laminated plates by the "nite element displacement method. Khdeir and Librescu [34] applied the higher order plate theory to analyze cross-ply laminated plates. Ren and Owen [35] studied the vibration and buckling problem based on 998 Hamilton's principle. Analytical and "nite element solutions of the classical, "rst order, and third order laminate theories were developed by Reddy and Khdeir [37] to study the buckling and free-vibration behavior of laminates. Jing and Liao [54] , and Tseng and Chou [38] developed a partial hybrid element for the vibration of thick laminated composite plates. Rao and Meyer-Piening [55] used a hybrid-stress "nite element to perform the vibration analysis of FRP faced sandwich plates. Chen and Jiang [56] developed a three-dimensional mixed "nite element method for the dynamic failure analysis. Re"ned theories of "berreinforced laminated composites and sandwiches were discussed by Mallikarjuna and Kant [40] . Wang and Lin [47] published a "nite strip method based on the higher order plate theory for determining the natural frequencies of laminated plates. He and Ma [48] used a re"ned shear deformation theory to study the vibration of laminated plates. Ghosh and Dey [46] analyzed this using a simple "nite element based on higher order theory. Kong and Cheung [58] discussed a "nite layer method on free vibration. Bert and Malik [30] analyzed laminated composite structures using the di!erential quadrature numerical method based on the "rst order shear deformation theory with a shear correction factor /12. For a thick plate of up to a/h"5, it is unlikely for the transverse displacement to vary through thickness as regular plates. A single term to the zeroth order of = HKL zH is preferred for the displacement "eld of w. On the other hand, it is more likely to deform in the manner of in-plane shear of S rather than bending extension}compression of the S displacement model. In Table 9 , lower frequencies are also shown for the S displacement approach of the present theory. Cross-ply of various composites: As for a solution method by using Fourier series, Leissa and Narita [15] performed a vibration study for symmetric cross-ply laminated plates based on the Ritz method. Taking the length}thickness ratio 50 and number of layers from 1 to 15 plies (1L}15L) for composites of E-glass/Ep, Boron/Ep, and Graphite/Ep, the present S theoretical predictions compare well with Leissa's thin plate solution. The "rst few frequencies of the symmetric cross-ply square plates are presented in Table 10 as the lowest for all halfwave numbers.
ANGLE-PLY PLATES

E+ect of thickness and aspect ratio:
To demonstrate the e!ects of thickness on the natural frequencies of the angle-ply laminated plates, the present S , and S solutions are compared to those of Bowlus et al. [25] . The "rst and "fth mode frequencies of the [$45] 1 square plates are shown in Table 11 with "xed m, n"6 and the length to thickness ratios a/h varying from 5 to 50. For the angle-ply laminations, much lower frequencies are provided by the displacement model in the S edge condition, especially for the case of higher modes.
To examine the combined e!ects of thicknesses and aspect ratios, the "rst mode frequencies of the present theory is listed in Table 12 for the symmetric four-layer angle-ply rectangular graphite/epoxy plates in comparison with Akhras et al. [28] , in which a shear-deformable "nite strip was developed in the static and vibration analyses of composite laminates based on FSDT with shear correction factor . 
Combined e+ects of aspect and thickness ratios: To show the e!ects of aspect and thickness ratios, vibration of the [$45$45] skewsymmetric angle-ply laminated rectangular plates is treaded with the S sliding pin supported boundary condition. Results of S hinge-roller support displacement "eld are also listed for further comparison. Fundamental frequencies are compared in Table 13 , with varying
3-D VIBRATION OF LAMINATED PLATES
a/h, a/b ratios, among many authors. Bert and Chen [21] provided a closed-form solution to the problem by way of the classical thin plate theory with shear deformation taken into account. Ghosh and Dey [46] employed a simple "nite element based on higher order theory to analyze free vibration of the laminated plates. Shankara and Iyengar [52] applied a C3 "nite element model based on HSDT to the free vibration of composite plates. Cross references are made to Reddy [22] , who used an FSDT quarter and half plate "nite element. Remarkably, lower frequencies are always obtained in the present study except for the case of Ghosh and Dey [46] at a/b"0)2 and a/h"10 in Table 13 , of which the frequency was even lower.
Fiber orientation: To examine the e!ect of "ber orientation, the "rst, third, and "fth mode natural frequencies of symmetrical four-layer angle-ply laminated thin square plates are presented in Table 14 with three materials: E-glass/epoxy, boron/epoxy, and graphite/epoxy. The present S theoretical results compare well with all varied ply angles in Leissa and Narita [15] , and Chow et al. [17] , in which the transverse vibration problems were studied by the Rayleigh-Ritz method.
Quasi-isotropic hybrid: The e!ects of thickness ratio and "ber orientation on fundamental frequencies are presented in Table 15 . The present results compare well with the three-dimensional elasticity solution of Noor and Burton [7] for 10-layered angle-ply and 16-layered quasi-isotropic hybrid laminates. 
GENERAL LAMINATION
In general lamination schemes, the fundamental natural frequencies of laminated plates are shown in Table 16 for varied thicknesses ratios. Lower frequencies are obtained in all cases in the present theory of S displacement models as compared to Maiti and Sinha [51] , in which HSDT with a third order, six degrees of freedom per node "nite element was employed. frequencies have been performed according to the present three-dimensional theory. Lowest frequencies are obtained with few exceptions via a three-dimensional augmented energy variational approach leading to the natural state. 2. Unlike the traditional theories of laminated plates and shells, the present three-dimensional semi-analytical solutions are based on the theory of elasticity. The three-dimensional boundary conditions and interlaminar continuity of layer displacements and transverse stresses are satis"ed by use of the assumed admissible displacement "elds and Lagrange's multipliers. 3. Systematic three-dimensional displacement functions have been developed for a variety of edge boundary conditions such as the S "xed pin, S hinge-roller, and S sliding pin supported displacement "elds, in keeping with physical reality and mathematical requirements. 4. Judging from the lowest natural frequencies, it is noted that the S -type displacement functions are most suitable for use with the cross-ply laminates in bending extension}compression, and S -type displacement functions for angle-plies in in-plane shear, due to ease of normal and tangential movements along the edges respectively.
